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We consider the problem of finding a group of transformations & under which an optimal

process is invariant, In other words, we find a group G such that the manifold defined by
the differential equations describing the controlled process and functional is invariant.

1, Statement of the problem, Leta controlled process be described by the
following nonlinear equation in dimensionless form:

9 d d
a—(f—g(j(q>)5(;p)+1v‘(u,<p)=0 te [0, 7], z£(0, ¢ 1.1

where @ (¢, z) is the required distribution, u (¢, z) is the disturbed control, and f (¢),
F (u, @) are continuous functions differentiable sufficiently often with respect to their

arguments,
We assume the existence of a distributed control u (f, ) which minimizes the func-
tional T 1
7=\ QQ(H, @) dz dt (12)
00

Here T, [ are known positive constants and @ (u, ¢) is a continuous function differen-
tiable sufficiently often,

Let us introduce the notion of an invariant optimal process, By this we mean an opti-
mal process which (provided it exists) remains invariant under some group of transforma-
tions G. The existence of such an optimal process can therefore be established by con-
structing such a group of transformations ¢ and finding the relationship among the func-
tions f (¢), F (v, @), Q (u, ¢) such that the manifold Q@ defined by the equations

B Fue=0  w—[@5=0 (1.3)
and functional (1, 2) remain invariant for any transformation 7, € G . In other words,
we are to find transformations of the variables ¢, z, ¢, w, u and of the derivatives of ¢, »,
w with respect to ¢ and z such that the image points with the coordinates t*, z*, ¢*%, w*,
U, Pror Prs , veeres , w,% belong to Q while the value of functional J, remains unchanged.

2, Construction of the fundamental group . The group of transfor-
mations G is defined by the Lie algebra of the infinitesimal operators
2 a [i} 7] 2
Y=t 57 +8 o Thedg ThTa e @41
We introduce the group G* (the first extension of the G- transformations) defined by
the expression

i) 2 a 2 a 2
Y*=Y+§ + &, ag. 8, 5a B, Bu e, Bw, TR, Bu @2

2, 39,
where G* is isomorphic to G.

The condition of invariance of functional (1, 2) can be written as
Y[J,=0 2.3)
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i. e, the values of the functional remain unchanged if the variables ¢, z, ¢, u, w are
subjected to the rransformation

" —=ttef, z°=ztef, uw=utef, @ =@+fef, w=wtef,
Here g, £y, &, Eus & are the coordinates of the operator ¥ which are functions of

the coordinates of the space Es; g is a small parameter,
As in [1}, we have the following relation for T, & G:

T
Tolu S§Q<u+ea 0 +eE)d @+ 80 d (¢ +28) = {[Qw, @) +ev (@1
0
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o, o, ] e (aa aa,))7
x[i+e(a,+ a,) dzdt:S(S[ (u.(p)+e(Y(Q)-+Q(u,v) oz To)) |dxdt
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FFunctional (1,2) is invariant if and only if

SOy

9k, 9%,
Y [Qu, )]+ Qu, ‘P)( oz T o ) 0 (2.4)
The conditions of invariance of the manifold Q defined by system (1, 3) are of the
form [2] Y* il =0 2.5)

The conditions of invariance of the functional J, and of the manifold Q give us the
system of defining equations of the Lie algebra, This system enables us to determine
tie coordinates of the infinitesimal operator Y and to establish relationship among the
functions f (¢), F (u, @), Q@ (u, ¢). These conditions are

e ta2e, o (2= 20
oF
Eq,'—wa-I-a—uEu-i-W g, =0 (2.6)

df o
F @)+ o By By =0

Investigation of the defining equations for the coordinates of the infinitesimal operator
Y yields the following relations:

Ep= (2%“%) —;— 2.7
w5 %

1 f\ OF f 08, dg

8 =3F/3u {[1’ (7) ~9 7 ] ( dtt

f o, d%, 2 9%, dat
"?‘( Bzt d’) 25 o —

)-
(,)'(za:: )=o, [2%(L'+1+2 )Jaz,_o (2.40)
(R + 38 [ (7]~ 7l - %) -

aQ/du 1 f N 3 12 0% dg ( g, E)
—"ag/az [T(zﬁ‘z_a: dt;)_z Tt F dtt]+Q(u O\5 @) =0 @1

2.9)
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A, Let us determine the group of transformations G for an arbitrary relationship among
F(@), F(u, ), Q (u, ).
From (2,10) and (2,11) we find that
g,  of, ﬁ%;x o‘lgx 03Ex
W T Oz " otdr — i@ T asd

Then
B, =&, =E, =0, E,=a, E, =0 (2.12)
Hence, the basis of the Lie algebra of the fundamental group of system (1. 3) and func-
tional (1.2} consists of the operators
Y, == 0 ()01, Y, = 8 (+)/0z (2.13)

B, As noted in [2], the group of ansformations G can be extended by way of a special

form of the function 7 (¢) , !
F (@) == 19*™, [ (@) = ¢pe"? (¢f, ¢3, m, n = const)

Let us consider the problem of finding the group of transformations ¢ under which the
optimal process is invariant for f (¢) = ¢; ¢*™ and m &= — 2/,,
Relations (2, 7) — (2. 11) here become
1, % 98
€@=m<zw— @)

i . \ dE
1 1 ap\( 9E,  dE 1, Py dj‘i) __t]
‘iu:ap/au['z'ﬁ(p'q’@) 2 — i ) 2o — @ o — P | @19

s /

1 0y g,
o ="Tm [(m+1)“5;*(2m+1)”d—t w

0% /02 =0 (2.15)

- . 1ot
L@g—g—*_gfo'//—gu@#q’%%) —{—mQ_'l—g;_{ii‘?Q

1 5Q/du oF
' +?aF/au[(2’"+1)F"q’ ﬁ]_mo}'«ﬁ_

1 9Q/du ( o, ﬁ) —o

— 3 3Fjou\“dtoz  ar )=

Since F = F (u, ¢), @ = Q (u, ¢), it follows from (2, 16) with allowance for (2, 15)
that the following relations are possible among the coordinates of the infinitesimal ope-

rators defining the group of transformations G under which the optimal process is invari-
ant for f = c,¢*™ :

(2.16)

1
1°. E =z, &=l +Bo  Bp=3, (2.47)
1 oF o
&{v:—dlw, u:‘z—'ﬁ[(1——2m)F—(Pb$ B_F"/au
Here oy, a4, B, are the defining constants, Hence, the basis of the Lie algebra of the
fundamental group consists of the operators

P) 4 9
Yl——tﬁ", Yz:—aa:' Ys=1 3t +zax+
1 3 o 1 QE} 1 9
+§;,q>a—5—w;;+ﬂ (1 —2m)F —@ 5013Fou du (2.18)

The functions Q (u, @), F (u, @) are related by the expression
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0Q 1 aF 740
q’aq>+aﬁ/ou[ zm)F—‘p%]57+4’"Q=0

a
90 gxzalet:c + a0, &, =118t+[30. £, = ﬁetq) (2.19)

. 1 oF ay
E,=—new, E =3-e {(1—“2’")1“ P—P5p|5F/0u

The basis of the Lic alpehra of the fi "amental cronp v this case is
a a
Yi= _67 ’ Y= or

(]9 i 1 ] d 1 g‘] 1 _a_}
Yo=e {—aT+x;;+27nq>5—w%+gn[(i—2m)1’—‘v—q’a¢ 3F [ ou Bu
and Q(u, 9), F(u, @) are related by the expression
9 1 99
0 5 0 —m P9 —0 55 | G +me =0
B

3° g.=a, E,=Bit+B, E=—3.9

2 1 !
tm— 2 e g =i [urmr o] mrm

The basis of the Lie algebra of the fundamental group then consists of the operators
0 9 0 1.0
Ni=gr. YVe=gg V=i m®a T
om1 @ BF] 1 o

—m Yow Zm[(1+2m)F ® 3¢ |3F/oudu

(2.20)

and Q (u, 9), F (u, ¢) must satlsfy the relation

Q
ag + 3Fjou aF/au [(‘+2’")F ¢ 6q>}6—"2"‘o_0

4° Ex == 01X -} o, E-’t = o, E, (2:21)

m+1 o1 oF 1
o, Eu=7n‘<F““’aq:) 9F Jou

w = m

9 9 Lo
Y1=-aT, Ye=37. Y3=1'79'x"+mq)aq,+
m+1 4 1 OF\ 1 9
+Tw5;+7(F—¢ a9 ) OF [ou ou
The relationship between Q (u, @) and F (u, ¢) in this case is defined by the expression

Then

Q)
D

40 aF\0Q
‘Pacp+aF/au(F q’acp>du+’"Q—°
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